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Abstract. A relative one- relator presentation has the form V = (x, iJ; R) where x is 
a set, if is a group, and i? is a word on x^^ U H. We show that if the word on x^^ 
obtained from R by deleting all the terms from H has what we call the unique max-min 
property, then the group defined by V is residually finite if and only if H is residually 
finite (Theorem 1). We apply this to obtain new results concerning the residual finiteness 
of (ordinary) one-relator groups (Theorem 4). We also obtain results concerning the con- 
jugacy problem for one-relator groups (Theorem 5), and results concerning the relative 
asphericity of presentations of the form V (Theorem 6). 
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1 Introduction 

The question of when one-relator groups are residually finite is still open. 
In the torsion-free case there are well-known examples of groups which are not resid- 
ually finite, namely the Baumslag-Solitar/Meskin groups [4], [15]: 

G= (x; U-^V^UV^), 

where U, V do not generate a cyclic subgroup of the free group on x, and |/| ^ |m|, 
|/|, \m\ > 1. On the other hand, there are some examples which are known to be residually 
finite. For instance, it was shown in [3] that if 

w = uv-\ (1) 

where [/, V are positive words on an alphabet x and the exponent sum of x in UV^^ is 
for each x G x, or if 

W=[U,Vl (2) 

where f/, V are (not necessarily positive) words on x such that no letter a; G x appears 
in both U and V , then G = (x; W) is residually finite. 

In the torsion case there is the well-known open question: 

Question 1 [2], [5, Question ORl] Is every one-relator group with torsion residually 
finite? 



Question 1 is known to be true when G — (x; VF") where W is a positive word 
and n > 1 [9] (see also [19]). In [20], Wise obtains further related results, summed up 
by his "Quasi-Theorem 1.3": If W is sufficiently positive, and is sufficiently small 

cancellation, then G is residually finite. 
A related open question is: 

Question 2 [5, Question 0R6], [11, Question 8.68] If a torsion-free one-relator group 
Gi — (x; W) is residually finite, then is Gn — (x; W^) also residually finite for n > 1? 

(Of course, if Question 1 is true, then Question 2 is trivially true.) 
It was shown in [1] that Question 2 holds true when W has the form (1) or (2). 
Here, amongst other things, we tackle Question 2 by considering relative presentations. 
A relative presentation has the form 

P=(x,//;r) 

where H is & group and r is a set of expressions of the form 

R = xl'^h-iX^^hi . ..xfhr (r > 0,a;j e x,ej = ±1, hi e H,l <i <r). (3) 

The word 

W ^xl^xl^.-xl"" (r > 0,Xi e x,£i = ±1,1 < z < r) (4) 

is called the ^.-skeleton of R. We do not require that the x-skeleton is reduced or cyclically 
reduced. The group G = G{V) defined by V is the quotient oi H * F (where F is the free 
group on x) by the normal closure of the elements oi H*F represented by the expressions 
R E r. The composition of the canonical imbedding H ^ H * F with the quotient map 
if * F — > G is called the natural homomorphism, denoted by : if — > G (or simply 
H ^G). 

As is normal, we will often abuse notation and write G = (x, H;r) , or G = (x, H; r). 
When r consists of a single element R, then we have the one-relator relative presen- 
tation 

V^{^,H;R). (5) 

Heuristically, G = G{V) should be governed by the "shape" of the x-skeleton of R and 
the algebraic properties of H. 

Here we introduce the unique max-min property for the "shape" of W . (Words of the 
form (1) are a very special case.) For a group H , denote hy M.h the class of one-relator 
relative presentations of the form (5), where W has the unique max-min property. 

Theorem llfVis in M.h then: 

(i) the natural homomorphism H G{V) is infective; 

(ii) G{V) is residually finite if and only if H is residually finite. 

We can deduce from this 

Theorem 2 (Substitution Theorem). Let K he a one-relator group given hy an ordinary 
presentation {y,z]S{y,z)), and let V — {x.,H;R) be an M.h -presentation. Then the 
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group given by the relative presentation (x, y, H; S{y, R)) is residually finite if and only 
if H and K are residually finite. 

We can give the proof of this straightaway. Consider the 7W//*x-presentation V = 
(x, H * K; Rz~^). By Theorem 1, L = G(V) is residually finite if and only if i/ * K is 
residually finite, which is equivalent to requiring that both H and K are residually finite 
(using results discussed in [12] p417). Now note that 

L ^ (x, y , ; 5(y , ^) , - (x, y , ; 5(y , i?)) . 

In particular, taking K to be defined by {z; z^) (n > 1) we have: 

Theorem 3. If G = (x, H; R) is a residually finite M-H-QTOup, then the group Gn — 
(x, H; R^) {n > 1) is also residually finite. 

Now take to be a free group Then Al$-groups are one-relator groups. Since $ is 
residually finite ([12],pll6 or p417), we obtain the following theorem concerning residual 
finiteness of one-relator groups. 

Theorem 4 Every M.^-group G — (x, is a residually finite one-relator group. 

Moreover, if K = (y, z] S{y, z)) is a one-relator group, then the one-relator group K — 
(x, y, $; S'(y, i?)) is residually finite if and only if K is residually finite. In particular, 
Gn — (x, R^) {n > 1) is residually finite. 

The solution of the conjugacy problem for one-relator groups with torsion has been 
solved by B.B.Newman [16]. However, for the torsion-free case the problem is still open 
[5, Question 05]. 

Theorem 5 Every M.^-group ((^ a finitely generated free group) has solvable conjugacy 
problem. Also, such groups have solvable power conjugacy problem. 

(Two elements c, c? of a group are said to be power conjugate if some power of c is 
conjugate to some power of d.) 

Other aspects of relative presentations (and in particular, one-relator relative presen- 
tations) have been studied intensively, particularly asphericity. Recall [6] that a relative 
presentation V is aspherical (more accurately, diagrammatically asphcrical) if every spher- 
ical picture over V contains a dipole. Under a weaker condition on "shape" (the unique 
min property., or equivalently the unique max property) we can prove: 

Theorem 6 Let V be a relative presentation as in (5), where W has the unique min 
property. Then V is aspherical. 

It then follows from [6] (see Corollary 1 of Theorem 1.1, Theorem 1.3, and Theorem 
1.4) that for the group G = G{V) we have: 
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(i) the natural homomorphism H ^ G is injective; 

(ii) every finite subgroup of G is contained in a conjugate of H; 

(iii) for any left ZG-module A, and any right 'LG-module B, 

m{G, A) ^ m{H, A), 
H^{G,B)^Hr,{H,B) 

for all n> 3. 

2 Mctx-min property 

Let X be an alphabet. A weight function on x is a function 

9:x — 

such that Im^ generates the additive group Z (that is, gcd{9{x) : x e x} is 1). A strict 
weight function is one for which 6{x) ^ for all x G x. 

Let W he a word on x as in (4). Given a weight function 9, we then have the function 

= /^:{O,l,2,...,r}^Z, 

j 

i=0 

(where 0(0) = since the empty sum is taken to be 0). We will say that the weight 
function is admissible for W if 0(r) = 0. 

For visual purposes, it is useful to extend to a piecewise linear function (f) : [0, r] — > R, 
so that the graph of (p in the interval [j — is the straight line segment joining the 
points (j — 1, 0(j — 1)), (j, 0(j)) (0 < j < r). We will informally refer to this graph as 
"the graph of W" (with respect to 9). 

A word W as in (4) will be said to have the unique max-min property if for some 
admissible strict weight function 9, the graph of W has a unique maximum and a unique 
minimum. To be precise, we require that, for some admissible strict weight function, and 
some /c, / G {1, 2, . . . , r}, wc have < 4>{k) for all j G {1, 2, . . . , r} — /c and 0(j) > 0(/) 
for all j G {1, 2, ... , r} — {/}. We also require that Xk 7^ Xk+i and xi 7^ x^+i (subscripts 
modulo r). This amounts to requiring that W is "reduced at the unique maximum and 
minimum", that is, x^f^ 7^ 7^ ^i+i^^ (subscripts modulo r). For at the maximum 

and minimum we must have either Xj 7^ Xj+i, or Xj — Xj+i and Sj = —Sj+i (j = k,l). 
If the two letters occurring at the unique maximum arc not disjoint from the two letters 
occurring at the unique minimum (i.e. {xk, Xk+i} H (x;, x^+i} is not empty), then we will 
say that W has the strong unique max-min property. 

A word W as in (4) will be said to have the unique min property if for some strict 
weight function 9, the graph of W has a unique minimum (but not necessarily a unique 
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maximum). The unique max property is defined similarly, but is not really of interest 
because replacing ^ by — ^ will convert this property to the unique min property. 

We let M\j (respectively S]j) denote the subclass of M.h consisting of relative pre- 
sentations of the form (5) for which W has the unique max-min property (respectively, 
the strong unique max-min property) with respect to the weight function 

1 : x — >■ Z a; I— > 1 (x e x). 

Lemma 1 Every Ai R-gfoup can he embedded into an A4]f -group. 

Proof. Let G = (x, H; R) with R as in (3), and suppose W = x^^x^^ . . . x^'' has the 
unique max-min property with respect to some strict weight function ^ : x — > Z. We can 
assume 9{x) > for all x. For if 9{x) < then we can replace x by x'^. 

Let 

y^{y:yex,9{y) > 1}, 

and let 

X = (x - y) U {yi, 2/2, ■ ■ ■ , ye{y) -V ^y}- 

Let G — (x, H; R) , where R is obtained from R by replacing each occurrence of by 
(2/12/2 • • -2/9(1/))^^ (2/ ^ y)- It is easy to see that the x-skeleton W oi R has the unique 
max-min property with respect to 1 : x ^ Z. (The graph of W is obtained from that of 
W by "stretching" along the horizontal axis.) Moreover, G is embedded into G, for we 
have the retraction p with section /x: 

G G PH^ idc 

p : X ^ X {x ex-y), yi ^ y,yi ^ 1 {y E y,l < i < 9{y)), h{h E H), 
H : X ^ X (x eyi-y),y ^ 2/1Z/2 • ■■ye(y) (y e y),h h (h e H). 

Lemma 2 Every Ai\j-group can he embedded into an S^-group. 

Proof. Let G = (x, H; R), where the x-skeleton W oi R has the unique max-min property 
with respect to the constant function 1 : x — > Z. Suppose the letters occurring at the 
unique maximum are a, b, and those occurring at the unique minimum are c, d. We can 

assume that {a, b} fl {c, rf} is empty, otherwise there is nothing to prove. 
Let y = X — {a, b, c, d}, and introduce a new alphabet 

X = {a, 6, c, d, e} U {2/1, 2/2 : 2/ e y}. 

Let R be obtained from R as follows. For each y E y, replace all occurrences of 2/^^ 
by (2/12/2)^^, and replace all occurrences of a"^^ (respectively, 6=*=^, c'^^^d'^^) by (ea)^^ 
(respectively, (6e)^^, (ec)^^, (de)^^). Let G = (x, H; R), and let W be the word obtained 
from R by deleting all terms from H. The graph of W under the weight function 1 : x ^ Z 
is the graph of W magnified by a factor of 2, and e occurs at the unique maximum and 
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the unique minimum. Moreover, G is embedded into G for we have the retraction p with 
section 

G G Pfi^ idc 

p: z {z e {a,b,c,d}),e^-^ l,yi ^ y,y2 ^ I {y e y), h ^ h {h e H), 
p, : a ^ ea, b ^ be, c ^ ec, d ^ de, y ^ yit/2 {y ^ y), h ^ h {h & H). 

Remark 1 Note that in both the above proofs we have pi' = z/, where u : H ^ G, 
V : H ^ G are the natural homomorphims. Thus if /> is injective then so is v. 

Reiricirk 2 Note also from the proof of the above two lemmas we get that every M.h- 
group is a retract of an 5^-group. 

Remark 3 The referee has brought my attention to the work of K.S.Brown [8], which 
is concerned with whether a homomorphism x from a one-relator group B = (x; W) 
(|x| > 2, as in (4) and cyclically reduced) onto Z has finitely generated kernel. Such 
a homomorphism is indTiccd by a weight function 9 which is admissible for W. However, 
since 9 need not be strict, it is necessary to interpret the max-min property more widely. 
Thus the unique maximum could be a "plateau": ie, for some A; G {1, 2, . . . , r} we could 
have (p{k) = (j){k + 1) and < ((){k) for all j G {1, 2, . . . , r} — {k, k + 1} (subscripts 
modulo r) . Similarly, the unique minimum could be a "reverse plateau" . Then according 
to Brown [8], as restated in Theorem 2.2 of [13], kcrx is finitely generated if and only 
if |x| = 2. and W has the unique max-min property in the above sense with respect to 
the corresponding weight function. In our work we could also allow non-strict weight 
functions. However, for the most part this can be avoided. For example, if the unique 
maximum is a plateau with Xk ^ ^^+2 then we could transform it to a genuine maximum 
by deleting Xk+i from x and replacing H hy H* (xfe+i). However, if the unique maximum 
is a plateau with = Xk^2 then some of our arguments need to be modified, which we 
leave as an exercise for the reader. 



3 A construction 

By a 2-complex of groups we mean a connected graph of groups (in the sense of Serre 
[18]) with trivial edge groups, together with a set of closed paths, which we call defining 
paths. (These are essentially the "generalized complexes" defined in §1 of [10], where 
more details can be found. Note however, that in [10] a "2-cell" c{a) consists of all cyclic 
permutations of for each one of our defining paths a. We specifically do not add 
these extra paths. This makes no significant difference.) 

Let V be as in (5), and let 9 be an admissible weight function for W. There is then 
an induced epimorphism 

ijj-.G^Z X ^ 9{x) {x ex),h^ {h e H). 
We can construct a 2-complex of groups 
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V = (r, (n e Z); (n, R) {n e Z)) 

whose fundamental group is isomorphic to the kernel K of -0. The underlying graph F 
has vertex set Z, edges (n, x^) (n G Z, x G x, e = il), and initial, terminal and inversion 
functions l, given by L{n, x^) = n, T{n, z^) = n + e9{x), {n, x'^)~^ = {n + e9{x), x~^). 
The vertex groups are copies Hn = {{n, h) : h E H} of H (with the obvious multiplication 
(n, h) {n, h') = {n, hh')). We extend t, r,^^ to the elements of the vertex groups by defining 
i{n, h) — n — T{n, h), (n, h)~^ — (n, h~^) (where is the inverse of hm.H). We extend 
e to U if by defining 9{x-^) = -O^x) (x G x), e{h) ^ Q {h e H). Then for any 
sequence a = z\Z2 ■ ■ ■ Zq with Zi G x^^ U H and any vertex n G F, we have a path (n, a) 
in the graph of groups starting at n, where 

(n, a) = (n, zi) (n + ^(zi) , ^2) (n + ^(^1) + ^(^2) , ^3) • • • (n + ^(^i) + ^(^2) + ■ ■ ■ + ^(^g-i) , ^g) ■ 

In particular we have the (closed) paths (n, R). 

There is an obvious action of Z on the above graph of groups, with i G Z acting 
on vertices by i ■ n = i + n (n G Z), and on the edges and vertex groups by i.{n, z) = 
{i + n, z) {n E z E x"^^ U H). This action of course extends to paths. Thus {i, a) — 
i.{0, a). In particular, (i, R) = i.{0, R), so Z acts on V. 

If we regard P as a 2-complex of groups with a single vertex o, edges x'^ (x G x, £ = 
±1), vertex group H, and defining path R, then we have a mapping of 2-complexes of 
groups 

n^o, {n,x^) I— > x^, {n,h) ^ h, {n,R)^R 
(n G Z, X G X, e = ±1, G -ff). This induces a homomorphism 

: ni{V,0) ^ni{V,o) = G 

which is injective, and Imp^, = K. This can easily be proved by adapting the standard 
arguments of covering space theory for ordinary 2-complexes (see for example [17] pp 
157-159), to this relative situation. 

4 Proof of Theorem 1 

Since residual finiteness is closed under taking subgroups, it follows from Lemmas 1 
and 2 and the Remark 1 at the end of §2 that it suffices to prove Theorem 1 for iS]^-groups. 

We will make use of the following results: (a) A free product F * B, where F is a 
free group, is residually finite if and only if B is residually finite; (b) An infinite cyclic 
extension of a finitely generated group L is residually finite if and only if L is residually 
finite. (The first of these follows from results on p417 of [12]; the second is a special case 
of Theorem 7, p29 of [14].) 

We can assume x is finite. For if not let x' be the set of letters occurring in R. Then 
G is isomorphic to G' *^ where G' = (x', H; R), and ^ is the free group on x — x'. So 
by (a) above, it is enough to work with G'. 

Let G be defined by an <S^ presentation as in (5), with e G x occurring at both the 
unique maximum and the unique minimum of the graph of W under the weight function 
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6 — 1. We denote the maximum and minimum values of (j)w by M, m respectively. Note 
that m<0 < M and m< M. 

We first deal with the trivial case when M — m = 1. Then up to cyclic permutation 
and inversion, R = eha^^h' , where a G x — {e}, /i, h' G H . Thus G = ^ * H, where $ is 
the free group on x — {e}, so the theorem holds by (a) above. 

Now suppose M — m > 1. Let / G x — {e}. 

We have the epimorphism 

ijj-.G^Z X ^ 1 (x G x),/i ^ (/i G if). 
Also, we have the homomorphism 

Tj-.Z^G 1 ^ /. 

Then ijjr] = id^, so G is a semidircct product X x Z, where K — kerip, and with the 
action of n G Z on being induced by conjugation by 

The fundamental group of V (at the vertex 0), as in §3, is isomorphic to K. 

We will obtain a relative presentation for K by collapsing a maximal tree. 

The edges (n, f)^^ form a maximal tree T in F. Let i?„ be the word on 
{{i,x) : i G Z, X G X, a; 7^ /} U ((^-ffj) obtained from (n, R) by deleting all edges from T 

which occur in (n, R) and replacing all terms (i, x'^) by {i — 1, x)'^ (i G Z, x G x, a; 7^ /). 
Then 

Q = ((n, x) G Z, X G X, X 7^ /) , *nezHn ; Rn {n e Z)) 

is a relative presentation for K. Moreover, since the edges in T constitute an orbit under 
the action of Z on our graph of groups, the action of Z on K is given by the automorphism 

fj, : (n, x) I— >• (n + 1, x) (x G x, x 7^ /), (n, h) t-^ {n+ 1, /i) {h G if) 

(nGZ). _ 

Now consider the ii A^A^-extension K oi K given by the relative presentation 

Q = ((n, x) (n G Z, X G X, X 7^ /), *n&Hn , s; i?„ (n G Z) 
x)s~^ = (n + 1, x) (n G Z, x G x, x 7^ e, /), 
s{n, h)s'^ = (n + 1, /i) (n G Z, /i G //)). 

The automorphism /i of K can be extended to an automorphism /I of K by defining 
71(5) = s. Then G — K yi^Z can be embedded into G — K yi-pZ. 

By our assumption, up to cyclic permutation and inversion, (0, R) will have the form 

(M - 1, e)(M, h){M - 1, a)-So((m, 6)-i(m, h'){m, e)ySo, 

where h, h' & H, e = ±1, a, 6 G x — {e}, and each term {i, z) occurring in the paths 70, 5q 
is such that both its initial and terminal vertices lie in the range m + l,m + 2,...,M — 1. 
Then 

i?o = (M- l,e)Q;o(m,e)"/?o 
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where cuq, Po do not contain any occurrence of (z, e)^^ with i<m or i>M — 1. More 
generally, for n e Z 

Rn^ {n + M — 1, e)an{n + m, eYPn 

where q;„, /?„ do not contain any occurrence of {i, e)^^ with i<n + m or i>n + M — 1. 
Let Fq be the free group on 

(x - {e, /}) U {s, (m + 1, e), (m + 2, e) . . . , (M - 1, e)}. 

Then there is a homomorphism 

K ^ H*Fo 

defined as follows: 

s I— > s, 

(n, x) I— > s'^xs~'^ (x e X, X 7^ e, /, n e Z), 
(n, /i) ^ s^/is-'* {heH,neZ), 
(i,e) f-^ {i,e) (m+l<i< M -1), 
and (inductively), for A; = 0, 1, 2, . . . 

{k + M, e) ^ /?fc-_^\(A; + 1 + m, e)-^«^^i, 

(-k + m, e) 1-^ (P-k(-k + M - 1, e)Q;_fe)~^. 
This homomorphism is actually an isomorphism. The inverse is defined by 

X I— > (0,x) (x G X, a; 7^ e, /), 
h ^ (0,/i) (heH), 
(i,e) 1-^ (i,e) m+l<i<M-l, 
s I— > s. 

Thus G is an infinite cychc extension of the group Fq* H. 

Remark 4 Note that by sending s to the generator 1 G Z C G = X x,j, Z, we obtain a 
retraction of G onto G (with section induced by the inclusion of K into K). 

We can now complete the proof. 

Clearly the natural homomorphism from H into G is injective (and is thus injective 
into G). Hence if H is not residually finite then neither is G. It remains to show that if 
H is residually finite then so is G (and thus G). 

Case 1. If if is finitely generated then the result holds straight away by (a) and (b) 
above. 

Case 2. Suppose that H is not finitely generated. For any homomorphism 9 from 
H to a group Hg we obtain an induced homomorphism from G = {Fq * H) xi^- Z to 
Gg = {Fq * He) Z which acts as 6* on i/ and acts as the identity on Fq and Z. 
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Let g = {wohiWi . . . hqWq) .n be a non-trivial element of G (where q > 0,hi...hq e 
H — {l},wi, . . . ,Wq-i e Fo — {l},wo,Wq G Fq, n G Z, and if is then either n ^ 
or Wo is non-trivial). Since residually finite groups are fully residually finite, there is a 
homomorphism r from H onto a finite group H^- such that T(/ij) ^ 1 {i = 1, . . . ,q). So 
the image of in = (Fq * if^) x-p Z is non-trivial, and then Case 1 applies. 

5 Proof of Theorem 5 

Lemma 3 Let C be a group which is a retract of a group B. If B has solvable conjugacy 
(or power conjugacy) problem, then so does C. 

p 

Proof. By assumption we have maps B < ^ C = idc- Clearly if c,d E C 

are conjugate (respectively, power conjugate) in C then ij,{c) , iJ,{d) are conjugate (respec- 
tively, power conjugate) in B. Conversely if there exists b E B such that hii{c)h~^ = ii{d) 
(respectively, biJ,{cyb~^ — iJ.{dy), then p{b)cp{b)~^ — d (respectively, p{b)dp{b)~^ — d^). 
Thus the result follows. 

Now it is shown in [7] that infinite cyclic extensions of finitely generated free groups 
have solvable conjugacy, and power conjugacy, problem. By Remarks 2, 4, every M.<^- 
group is a retract of such a group. 

6 Proof of Theorem 6 

Wc will assume familiarity with the terminology in §§1.2, 1.4 of [6]. 

As in Lemma 1, we can assume that 9{x) > for all x. We can extend 9 to any word 
U = yl'f^' . ..yl% {s > 0,2/, G x,£, = ±1, 1 < 2 < s) by e{U) = EUo^Av^)- 

Let P be a based connected spherical picture (with at least one disc) over V, with 
global basepoint O, and basepoint Oa for each disc A. (Note that since R is not periodic, 
there will be just one basepoint for each disc.) We will also choose, for each region R, a 
point Or in the interior of R. 

Wc can relabel P to obtain a picture P over V as follows: 

(a) For each region R, choose a tranverse path 7r from O to Or, and let Ur {a word 
on x) be the label on the path 7r. Then the potential q{R) of R is 6{Ur). (This is 
independent of the choice of path 7r, since 9{W) = 0.) 

(b) For an arc tranversely labelled x G x say, relabel it by {q{R),x) where R is the 
region where the tranverse arrow on the arc begins. 

(c) For a corner of a disc, with label h E H say, relabel the corner by (g, h), where q 
is the potential of the region in which the corner occurs. 

For a disc A, let be the potential of the region containing Oa- Then in the 
relabelled picture, A will be labelled by the path (^Ai-R)- 

Let be a minimal disc, that is, a disc such that ge ^ Qa for all discs A. Let m be 
the minimum value of 0^, and let e be one of the two distinct letters occurring at the 
unique minimum. Then in the path (0, R) there is a unique edge labelled (m, e). Now © 
is labelled by {qQ, R) in P, and thus there is a unique edge labelled {m + qe, e) incident 
with 0. This arc must intersect another disc , which must also be labelled by (ge, R), 
but with the opposite orientation. Thus we obtain a dipole in P where 0, are the discs 
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of the dipole. Reverting to P, this dipole in P gives rise to a dipole in P. 



Acknowledgement. I thank the referee for his/her helpful comments. 
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